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We give a pedagogical introduction of the essential features of General Theory of
Relativity (GTR) in the format of an undergraduate (UG) project. A set of simple
MATHEMATICAR© code is developed which enables the UG students to calculate
the tensorial objects without prior knowledge of any package operation. The orbit
equations of light and material particle in Minkowski and Schwarzschild spacetime
are solved numerically to illustrate the crucial tests of GTR.
I. INTRODUCTION
In a reminiscence on General Theory of
Relativity Einstein wrote, “I was sitting in
a chair in the patent office at Bern when all
of a sudden a thought occurred to me. ‘If a
person falls freely, he will not feel his own
weight’. I was startled. This simple thought
made a deep impression on me. It impelled
me to a theory of gravitation” [1]. In con-
trast, Newton narrated the natural world as,
“...the whole burden of (natural) philosophy
seems to consist of this - from the phenomena
of motions to investigate the forces of nature,
and then from these forces to demonstrate the
other phenomena” [2]. According to him, the
attraction between two gravitating objects is
due to the ‘gravitational force’ between them,
while Einstein did not endorse it as a ‘force’,
but a manifestation of the curvature of space-
time, an entity which is formed by soldering
space and time together. Einstein’s GTR is
regarded as one of the foremost intellectual
triumph of all time which always attracts the
young undergraduate (UG) students. How-
ever, their enthusiasm is often impeded by
2two major obstacles: first, conceptually the
tenet of GTR is completely different from
Newtonian approach of gravitation, and sec-
ond, the evaluation of the tensorial quantities
of Riemannian geometry is very tedious and
often leads to endless number of human er-
rors. To address the first part of two ma-
jor hindrances, the serious readers may go
through books [3, 4] and large quantity of on-
line materials available in Internet. However,
for the second part, i.e., to compute the ten-
sorial objects, they generally consult suitable
software packages to minimize the human er-
ror and save their precious time. Today there
exists a plenty of free as well as commer-
cial packages based on MATHEMATICAR©
[5], MATLABR© [6] or other software to
carry out tensor algebra on computer. How-
ever, due to short span a given semester al-
lotted for the UG project, the students of
the sophomore or advanced years often face
great difficulty to learn the intricacies of these
package operation in particular. To address
this problem, in this paper we have provided
a set of MATHEMATICAR© code to calcu-
late the tensorial objects like, Cristoffel sym-
bol, Riemannian, Ricci, Einstein tensor and
Geodesic equation which they require to learn
GTR. Our approach is a easy alternative to
popular MATHEMATICAR© based packages
like, MathGR R© [7], GTRTensorIIR© [8] etc
[9, 10], which a student can workout easily
without prior knowledge of package opera-
tion.
The remaining parts of the paper are or-
ganized as follows: In Section 2 we intro-
duce the basic formula of Reimaniann ge-
ometry necessary to develop the subject.
Section 3 gives the step by step usage of
MATHEMATICAR© software to calculate the
tensorial objects from some simple metric. In
Section 4, we discuss the orbit equation of
light and the material particle by solving the
geodesics equations in Minkowski spacetime.
The Einstein field equation in Schwarzschild
spacetime is solved in Section 5 and the
corresponding orbit equations are studied.
Section 6 illustrates the numerical solution
of these equations using MATHEMATICAR©
code and discuss the bending of light and per-
ihelion shift, two most coveted tests of GTR.
Finally, we summarize our results and discuss
outlook.
II. MATHEMATICAL
PRELIMINARIES
A. Key formula and equations
The special theory of relativity ensures
frame independence of the physical laws with
respect to all inertial frame of reference, while
the general theory of relativity extends the
same idea to include the non-inertial frame
3also. Any object moving under the influence
of the gravitational field is essentially a accel-
erating object and therefore fits under that
paradigm of the non-inertial frame of refer-
ence. To introduce the key effects of grav-
itation within framework of GTR, let us re-
call some basic formula of Riemannian geom-
etry. For their detailed derivation, we refer
the readers to consult any standard textbook
on GTR [3, 4, 11].
Any vector quantity V µ (a tensor of rank
one) in four dimensional space-time can be
expanded as [12]
V(t, r) = eˆµ(t, r)V
µ(t, r) (1a)
V(t, r) = eˆµ(t, r)Vµ(t, r) (1b)
where Vµ and V
µ are defined as the covari-
ant and contra-covariant vectors with cor-
responding basis vectors eˆµ and eˆ
µ, respec-
tively. We can define the two-indexed covari-
ant and contra-variant metric tensor of rank
two,
gµν(t, r) = eˆµ(t, r)eˆν(t, r) (2a)
gµν(t, r) = eˆµ(t, r)eˆν(t, r), (2b)
which satisfies the orthogonality relation,
namely,
gµνgµρ = δ
ν
ρ . (3)
The metric tensor have the ability to trans-
form the contravariant vector into a covari-
ant vector and vice versa and this operation
is known as raising or lowering of indices,
V µgµν = Vν Vµg
µν = V ν , (4a)
V µνgµσ = V
ν
σ , V
µ
ν gµσ = Vνσ,
Vµν = gµρV
ρσgσν . (4b)
In general, we may have a covariant, con-
travariant or a mixed tensor of rank n, m
and (n,m), respectively,
Vµ1µ2µ3...µn, V
µ1µ2µ3...µm, V µ1µ2µ3...µmν1ν2ν3...νn .
(5)
To develop a calculus on the spacetime con-
tinuum, it is customary to define Christoffel
symbol which involves the derivative of the
metric tensors with respect to spacetime co-
ordinate xµ(x1, x2, x3, x4),
Γραβ =
1
2
gργ(
∂gγα
∂xβ
+
∂gγβ
∂xα
− ∂gαβ
∂xγ
), (6)
which is symmetric with respect to its lower
indices. The covariant derivative of a second
rank tensor can be defined in terms of the
Cristoffel symbol, i.e.,
DρVµν = ∂ρVµν − ΓαµρVαν − ΓανρVµα, (7a)
DρV
µν = ∂ρV
µν + ΓµαρV
αν + ΓνβρV
µβ. (7b)
The covariant derivative of metric tensor has
vanishing value, i.e.,
Dαgµν = 0 Dαg
µν = 0. (8)
The Riemann curvature tensor is defined as
(DµDν −DνDµ)Vρ = RλρνµVλ, (9)
4where,
Rλµνρ = ∂νΓ
λ
µρ − ∂ρΓλµν + ΓηµρΓληρ − ΓηµνΓληρ,
(10)
and on contraction it gives the Ricci tensor
and Ricci scalar, i.e.,
Rµν = g
λρRλρµν , R = g
µνRµν , (11)
respectively. It is convenient to the define a
second rank tensor called ‘Einstein tensor ’,
Gµν = Rµν − 1
2
Rgµν , (12)
which is divergence less, namely,
DµG
µν = 0, (13)
Thus we can write celebrated Einstein equa-
tion,
Gµν = −8πG
c4
Tµν , (14)
where Tµν be the divergence-free energy-
momentum tensor of the gravitating matter
which is responsible for producing the curva-
ture in spacetime.
B. Geodesic equation in curved
space-time
In Newtonian mechanics, the equation of
motion of a free particle (F = 0) in the Eu-
cledean space is given by,
d2r
dt2
= 0, (15)
while in the special theory of relativity, which
deals with the inertial frame of reference, the
dynamics is governed by the equation of mo-
tion,
d2xµ
dτ 2
= 0. (16)
Here xµ represents the spacetime coordinate
in Minkowski spacetime with τ as the body-
fixed proper time.
On the other hand in GTR, due to in-
homogeneous character of the gravitational
field, the inclusion of the acceleration be-
comes indispensable. Under such condition,
the introduction of non-inertial frame of ref-
erence becomes inevitable and the equation
of motion is given by so called, Geodesic
Equation,
d2xµ
dτ 2
+ Γµνσ
dxν
dτ
dxσ
dτ
= 0, (17)
which completely generalizes Eq.(16).
Thus from the calculation point of view,
the GTR involves two steps:
• To solve the Einstein’s equation
Eq.(14) to find the metric tensor gµν
which determines the geometry of
spacetime continuum.
• To find the solution of the geodesic
equation Eq.(17) to know the trajec-
tory of the point mass or massless par-
ticle in that spacetime.
In this way, GTR is essentially a metric based
geometric theory of gravitation which re-
places the preeminent position of force equa-
tion advocated by Newton.
5III. MATHEMATICAR© CODE FOR
TENSORIAL CALCULUS
A. Basic flowchart
The calculation of the tensorial quanti-
ties in Riemannian geometry involves mul-
tiple derivative of the metric tensor with re-
spect to four spacetime coordinates followed
by a number of summation over the repeated
indices. The purported nature of such oper-
ation often leads to endless number of errors.
A suitable computer programme capable of
doing symbolic calculation can perform such
calculation in a error-free way within a very
short span of time. In this section we present
some MATHEMATICAR© notebook code to
calculate the tensorial objects for any arbi-
trary metric tensor (Grey Box online) and
list them systematically (Red Box online).
The flowchart of their evaluation is given be-
low (Download MATHEMATICAR© NOTE-
BOOK file here or our Github repository):
Code I: Define list of four
space-time coordinates
(x1,x2,x3,x4):
x = List[x1,x2,x3,x4]/.{x1→ ♣,
x2→ ♣, x3→ ♣, x4→ ♣};
where ♣ be the unknown parameter which
we need to be supplied externally.
Code II: Define the covariant metric tensor (gcv) for a given line-
element, find corresponding contra-variant (gct) metric tensor and
check their orthogonality (orthg):
gcv = Table[0,{α, 4}, {β, 4}];
Now supply nonzero components of gcv, for example, gcv[[1, 1]]= −eλ[r],
gcv[[2, 2]]= −r2, gcv[[3, 3]]= −r2 sin2 θ, gcv[[4, 4]]= eν[r].
gct = Simplify[Inverse[gcv]]; MatrixForm[gct]
orthg = FullSimplify[gcv.gct]; MatrixForm[orthg]
Code III: Calculation of Christoffel symbols (Γ) from Eq.(6):
Γa= FullSimplify[Module[{α, β, γ, δ}, Table[Sum[1
2
gct[[ρ, γ]]
(D[gcv[[γ, α ]],x[[β]]+ D[gcv[[γ, β]], x[[α]]-D[gcv[[α, β]], x[[γ ]])];
6Code IV: List of components of the Christoffel Symbol:
listaffine := Table[If[UnsameQ[Γ[[α, β, γ]],0],
{ToString[TraditionalForm[Γx[[α]]x[[β]],x[[γ]] ] ], “=”, Γa[[α, β, γ]] }],
{α, 4}, {β, 4}, {γ, 4}]
TableForm[DeleteCases[Flatten[listaffine,2],Null], TableSpacing
→ {1, 1}]
Code V: Calculation of covariant Riemann curvature tensor (Reim)
from Eq.(10):
Riem=Simplify[Module[{α, β, γ, δ, ρ},Table[ D[Γa[[ρ, α, γ]],x[[β]]]-
D[Γa[[ρ, α, β]],x[[γ]] ] +Sum[ Γa[[δ, α, γ]] Γa[[ρ, β, δ]] , {δ, 4} ] -Sum[
Γa[[δ, α, β]] Γa[[ρ, β, δ]] , {δ, 4}], {α, 4}, {β, 4}, {γ, 4}, {ρ, 4} ]] ];
Code VI: Calculation of covariant Ricci tensor (Ricicv) from Eq.(11):
Ricicv =
Simplify[Module[{α, β, γ, δ},Table[Sum[D[Γa [[ρ, α, β]],x[[ρ]]],{ρ, 4}]-
Sum[D[Γa [ρ, α, ρ]],x[[β]]],{ρ, 4}] + Sum[Γa [[σ, α, β]] Γa [[ρ, ρ, σ]],
{σ, 4}, {ρ, 4}] - Sum[Γa [[σ, α, ρ]] Γa [[ρ, β, σ]], {σ, 4}, {ρ, 4}] ] ];
Code VII: List of components of covariant Ricci Tensor:
listRicicv := Table[If[UnsameQ[Ricicv[[α, β]],0],
{ToString[TraditionalForm[Rx[[α]],x[[β]]] ] , “=”, Ricicv[[α, β]] }],
{α, 4}, {β, 4}]
TableForm[DeleteCases[Flatten[listRicicv,1], Null],TableSpacing
→ {1, 1}]
7Code VIII: Calculation of Ricci scalar (Rc) from Eq.(11)
Rc=
Simplify[Module[{α, β},Sum[gct[[α, β]] Ricicv[[α, β]],{α, 4}, {β, 4}] ] ];
Code IX: Calculation of Einstein covariant tensor (Gmncv) from
Eq.(12);
Gmncv=
Simplify[Module[{α, β},Table[(Ricicv[[α, β]]- 1
2
gcv[[α, β]] Rc),{α, 4}, {β, 4}] ] ];
Code X: List of components of Covariant Einstein Tensor:
listGmncv := Table[If[UnsameQ[Gmncv[[α, β]],0],
{ToString[TraditionalForm[Gx[[α]],x[[β]]] ] , “=”, Gmncv[[α, β]] }],
{α, 4}, {β, 4}]
TableForm[DeleteCases[Flatten[listGmncv,1], Null],TableSpacing → {1, 1}]
Code XI: Calculation of mixed Einstein tensor (Gmnmx);
Gmnmx=
Simplify[Module[{α, β, γ},Table[Sum[gct[[α, γ]] Gmncv[[α, β]]{γ, 4},{α, 4}, {β, 4}
] ]\, ];
Code XII: List of components of mixed Einstein Tensor:
listGmnmx := Table[If[UnsameQ[Gmnmx[[α, β]],0],
{ToString[TraditionalForm[Gx[[α]]x[[β]]] ] , “=”, Gmnmx[[α, β]] }], {α, 4}, {β, 4}]
TableForm[DeleteCases[Flatten[listGmnmx,1], Null],TableSpacing → {1, 1}]
8Code XIII: Calculation of Geodesic (Orbit) equations (Geodesic) from
Eq.(17):
Geodesic=
Module[{α, β, γ, s}, Table[Simplify[D[x[[α]][s],{s, 2}]+
Sum[Γa[[α, β, γ]]*D[x[[β]][s],s]*D[x[[γ ]][s],s], {β, 4}, {γ, 4}]],{α, 4}]];
Code XIV: List of components of geodesic equations
TableForm[Geodesic] // ExpandAll
In Code XIV, each expression of the list
should be equated to zero to obtain required
geodesic equations of point mass and light in
a given spacetime.
Using above set of codes, it is easy to eval-
uate various tensorial quantities for any arbi-
trary spacetime described by the metric ten-
sor.
B. Application to some simple metrics:
The generic metric of a coordinate system
is given by
ds2 = gµνdx
µdxν (18)
where gµν = gµν(x
1, x2, x3, x4) = (r, ct) be
the covariant metric tensor.
1. Minkowski space in cartesian coordi-
nate:
Step I: This spacetime is described by
the line element,
ds2 = dt2 − dx2 − dy2 − dz2, (19)
where the coordinates of the system are
cartesian, i.e.,
x1 → x, x2 → y, x3 → z, x4 → t.
(20)
Step II: The components of the metric
tensor (c = 1) are,
g11 → −1, g22 → −1, g33 → −1,
g44 → 1, (21)
which are constant. Thus in the
Minkowski spacetime, the Cristoffel
symbol vanishes and hence Riemann
curvature, Ricci and Einstein tensors
become trivial.
2. Minkowski space in spherical polar co-
ordinate:
9Step I: The line element in this coor-
dinate system is given by
ds2 = dt2 − dr2 − r2dθ2 − r2 sin2 θdφ2, (22)
where coordinates are,
x1 → r, x2 → θ, x3 → φ, x4 → t. (23)
Step II: The components of metric
tensor directly read off from the line el-
ement Eq.(22) are,
g11 → −1, g22 → −r2,
g33 → −r2 sin2 θ, g44 → 1. (24)
Step III: The non-vanishing Cristoffel
symbols are found to be,
Γθrθ =
1
r
, Γrθθ = −r ,Γrφφ = −r sin2 θ
Γθφφ = − cos θ sin θ ,Γφrφ =
1
r
,
Γφθφ = cot θ . (25)
Using the programmes (Code-V to X),
the Reimann curvature, Ricci and Ein-
stein tensors are found to be zero which
indicates that in the spherical polar co-
ordinate the Minkowski spacetime is in-
trinsically flat.
3. Schwarzschild spacetime (Static, spher-
ically symmetric and non-rotating
object):
Step I: The line element of
Schwarzschild spacetime is given
by
ds2 = γMdτ
2 − 1
γM
dr2
−r2(dθ2 + sin2 θdφ2), (26)
where, unlike previous cases, the met-
ric tensor is now space-dependent, i.e.,
γM = γM(r). The coordinates of such
system is same as the spherical polar
coordinate system, i.e.,
x1 → r, x2 → θ, x3 → φ, x4 → t. (27)
Step II: The components of metric
tensor read off for such system are,
g11 = − 1
γM
, g22 = −r2,
g33 = −r2 sin2 θ, g44 = γM , (28)
Step III: The non-vanishing Cristoffel
symbols are given by
Γttr =
γ′M
2γM
, Γrtt =
1
2
γMγ
′
M ,
Γrrr = −
γ′M
2γM
, Γrθθ = −rγM ,
Γrφφ = −rγM sin2 θ, Γθrθ =
1
r
Γθφφ = − cos θ sin θ, Γφrφ =
1
r
,
Γφθφ = cot θ (29)
where γ′M be the derivative of γM with re-
spect to r. The derivation of the factor γM
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and the geodesic equation in Schwarzschild
spacetime is given in Section.5. Finally we
note that our code can be easily extended
for spacetime for the line element containing
nonzero off-diagonal terms.
IV. GEODESIC EQUATION IN
MINKOWSKI SPACETIME
Before passing to GTR, let us ask ‘what
would be the trajectory of light or a free par-
ticle in the Minkowski space-time?’. In spher-
ical polar coordinate, using Codes I to IV,
we obtain the non-vanishing Cristoffel sym-
bols given by Eq.(17), and then, by execut-
ing Code XIII-XIV, we get following geodesic
equations,
d2t
dτ 2
= 0 (30a)
d2r
dτ 2
− r
(dθ
dτ
)2
− r sin2 θ
(dφ
dτ
)2
= 0 (30b)
d2θ
dτ 2
+
2
r
(dr
dτ
)(dθ
dτ
)
− cos θ sin θ
(dφ
dτ
)2
= 0 (30c)
d2φ
dτ 2
+
2
r
(dr
dτ
)(dφ
dτ
)
+ 2 cot θ
(dθ
dτ
)(dφ
dτ
)
= 0. (30d)
Eq.(30a) readily gives dt
dτ
= constant and as-
suming it to be Lorentzian factor γ, we obtain
the well known time dilation law of special
theory of relativity,
dt
dτ
= γ. (31)
Now if we restrict ourselves to work on a
plane by setting θ = π/2, Eq.(30c) becomes
trivial, while Eqs.(30b) and (30d) are simpli-
fied to,
d2r
dτ 2
− r
(dφ
dτ
)2
= 0, (32a)
d2φ
dτ 2
+
2
r
(dr
dτ
)(dφ
dτ
)
= 0, (32b)
respectively. From Eq.(32b) we obtain the
angular momentum conservation law,
d
dτ
(
r2
dφ
dτ
)
= 0 ⇒ r2
(dφ
dτ
)
= h, (33)
where h the conserved angular momentum.
Now plucking back Eqs.(33) into Eqs.(32a)
we obtain,
d
dτ
((dr
dτ
)2
+
h2
r2
)
= 0
⇒
(dr
dτ
)2
+
h2
r2
= −ǫ, (34)
where ǫ be a constant. Finally noting the fact
that,
dr
dτ
=
dr
dϕ
dϕ
dτ
=
h
r2
dr
dϕ
, (35)
Eq.(34) gives the requisite ‘orbit equation’ in
Minkowski spacetime in r − φ plane,
1
r4
(
dr
dϕ
)2
+
1
r2
= − ǫ
h2
. (36)
At closest distance of approach r = r0, the
derivative in Eq.(36) vanishes and we obtain
ǫ = −h2
r2
0
. Plucking it back into Eq.(36), we
obtained its solution given by the integral,
ϕ(r) = ±
∫
dr
r2
√
1
r2
− 1
r2
0
. (37)
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The angle of deflection of the starlight due to
a typical star is measured by the formula [4]
αˆ = 2∆ϕ− π, (38)
where ∆ϕ = ϕ(r∞) − ϕ(r0). Integration of
Eq.(37), in the limit r → ∞, gives ∆ϕ = π
2
and the angle of deflection of the starlight is
found to be,
αˆ = 0, (39)
which indicates that the bending of light is
impossible in the Minknowski spacetime.
V. SCHWARZSCHILD SOLUTION
A. Solution of Einstein’s field equation
In 1916, Karl Schwarzschild gave the ex-
terior solution of the Einstein equation for a
static, non-rotating and spherically symmet-
ric object in vacuum (Tµν = 0). To find the
metric tensors for this spacetime, we consider
the line element to be,
ds2 = B(r)dt2 − A(r)dr2
−r2(dθ2 + sin2 θdφ2). (40)
Here A(r) and B(r) are the unknown terms,
which tend to unity in the asymptotic limit
(r →∞), are to be determined. Using Code
I to X, non-vanishing components of the Ein-
stein tensors are given by,
r
dA(r)
dr
+ A2(r)− A(r) = 0, (41a)
r
dB(r)
dr
−A(r)B(r) +B2(r) = 0. (41b)
The solution of Eq.(41) is given by,
A(r) =
1
1− eC1
r
, (42a)
B(r) = (1− e
C1
r
)C2, (42b)
where C1 and C2 are two constants. To get
the Minkowski metric in the asymptotic limit
we must choose C1 = ln(2M), C2 = 1 and
thus Schwarzschild metric reads,
ds2 = γMdτ
2 − 1
γM
dr2
−r2(dθ2 + sin2 θdφ2), (43)
where the general relativistic correction fac-
tor γM is given by,
γM = (1− 2M
r
), (44)
which, as expected, tends to unity for 2M
r
<<
1.
B. Geodesic equation in Schwarzschild
space-time
In this Schwarzschild spacetime, the non-
vanishing Christoffel symbols are given in
Eqs.(29), while the corresponding geodesic
equations are obtained by Codes XI and
XII, respectively. In particular, unlike the
geodesic equations in the Minkowski space-
time, we note that Eqs.(30a) and (30b) are
12
generalized to
d2t
dτ 2
− γ
′
M
γM
(dr
dτ
)( dt
dτ
)
= 0, (45a)
d2r
dτ 2
− γ
′
M
2γM
( dt
dτ
)2
+
γMγ
′
M
2
(dr
dτ
)2
− rγM
{(dθ
dτ
)2
+ sin2 θ
(dφ
dτ
)2}
= 0 (45b)
while, Eqs.(30c) and (30d) remain un-
changed. Taking θ = π
2
, which corresponds to
the particle moving in the equatorial plane,
Eq.(45b) is simplified to,
d2r
dτ 2
− γ
′
M
2γM
(dr
dτ
)2
+
γγ′M
2
( dt
dτ
)2
−rγM
(dφ
dτ
)2
= 0, (46)
while Eq.(45a) can be written as
d
dτ
(
ln
[
γM
dt
dτ
])
= 0 ⇒ dt
dτ
=
E
γM
, (47)
with E be a constant to be evaluated from
some boundary condition. Plucking it back
into Eq.(46) yields,
d2r
dτ 2
− γ
′
M
2γM
(dr
dτ
)2
+
E2γ′M
2γM
−h
2γM
r3
= 0, (48)
which can be further simplified to
d
dτ
[ 1
γM
(dr
dτ
)2
− E
2
γM
+
h2
r2
]
= 0
→ 1
γM
(dr
dτ
)2
− E
2
γM
+
h2
r2
= −ǫ. (49)
Finally using Eq.(33) we can write Eq.(49)
in terms of the azimuth angle φ which gives
the desired ‘Orbit Equation’ in Schwarzschild
spacetime,
1
γMr4
(
dr
dϕ
)2
+
1
r2
− E
2
γMh2
= − ǫ
h2
. (50)
At distance r = r0, γM = γM0 , (dr/dϕ) = 0
and Eq.(50) gives
E =
√
γM0
(
ǫ+
h2
r20
)
, (51)
where γM0 be the value of γM at r = r0 i.e.,
γM0 = 1− 2Mr0 . Finally substituting back the
value of E in Eq.(45a), we obtain the ‘time
dilation’ law for GTR,
dt
dτ
= γG(r0,M, h), (52)
where,
γG(M, r0, h) =
1
γM
√
γM0
(
ǫ+
h2
r20
)
. (53)
Unlike Eq.(31) of the Minkowski spacetime,
we note that the ratio of the incremental co-
ordinate time and proper time is function
of r, h,M0, r0, respectively. The solution of
Eq.(50) is given by,
ϕ(r) = ±
∫
dr
r2(γM)1/2
√
E2
h2γM
− 1
r2
− ǫ
h2
,
(54)
which is the Schwarzschild counterpart of
Eq.(37) in Minkowski spacetime. In the
next Section, we shall study the solution of
Eq.(54) to find the trajectory of light and
a point mass in Schwarzschild geometry, re-
spectively.
C. Effective potential in Schwarzschild
geometry
To find the effective potential in
Schwarzchild geometry, from Eq.(49) we
13
have [3],
1
2
E2 =
1
2
(dr
dτ
)2
+ UScheff
2
(r), (55)
where the effective potential is given by
UScheff
2
(r) =
h2
2r2
− h
2M
r3
+
ǫ
2
(
1− 2M
r
)
. (56)
1. Material particle (ǫ = 1): Minimizing
the effective potential UScheff (r) at r =
rM we obtain
rM =
h2 ± h√h2 − 12M2
2M
. (57)
Setting h = 2
√
3M , we obtain the orbit
with smallest possible radius, namely,
rminmat = 6M. (58)
for the material particle.
2. Light (ǫ = 0): Similarly minimizing the
effective potential the minimum radius
for light is found to be,
rph = 3M. (59)
This minimal sphere of this radius is
often referred as ‘Photon sphere’.
Comparing the effective potentials of the
point mass (ǫ 6= 0) and massless particle
(ǫ = 0) in Schwarzschild spacetime, where
we note that in GTR both of them can be
trapped to form a bound state.
VI. EXPERIMENTAL TESTS OF
GTR
In this section we study the trajectory
of light and material particle from the orbit
equation given by Eq.(48) and its solution
Eq.(54), respectively. These orbits are gen-
erally classified as the unbound (ǫ = 0) and
bound orbit (ǫ 6= 0) which explain the bend-
ing of starlight and the perihelion precession
of mercury, respectively.
A. Motion of light in the unbound orbit
- Bending of light ray:
To discuss the deflection of light (ǫ = 0)
grazing out from a star like sun at closest
distance of approach (r = r0), we find from
Eq.(51),
E = ±h
√
γM0
r0
. (60)
Substituting Eq.(60) along with γM and γM0
in Eq.(54) we obtain,
∆ϕph =
∫ ∞
r0
drf(r; r0,M), (61)
where, ∆ϕph = ϕph(r∞) − ϕph(r0) and the
integrand f(r; r0,M) is given by,
f(r; r0,M) =
√
r
r−2M
r2
√
r(r0−2M)
r3
0
(r−2M)
− 1
r2
. (62)
The solution of above integral cannot be ob-
tained exactly and there exists many approx-
imate methods to solve it. Here we present a
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direct calculation of the deflection angle using NIntegrate program of MATHEMATICAR©,
In[11] = αˆph = (2 NIntegrate[f, r, ♣, Infinity]− π) 180× 60× 60
π
Taking the spherical body as a prototype star like sun, i.e.,
M = M⊙ = 1.989× 1030kg, r0 = R⊙ = 6.95× 105km, M⊙G
c2
= 1.457km, (63)
and taking template ♣ → R⊙, the deflec-
tion angle is found to be αˆ
M⊙
ph = 1.75003
arc-second. In 1919, Sir Arthur Eddington
and his team verified the bending of starlight
during total solar eclipse [13]. It is worth
mentioning here that, the radius of the pho-
ton sphere of the sun is rph = 3M⊙ ≡ 4.425
km obtained from Eq.(59) lies well within the
sun, i.e., rph << R⊙. On the contrary, for a
ultra-compact object like a black hole, the
photon sphere is quite large and falls outside
that object. In consequence, the bending of
light for such objects is quite considerable.
Finally we mention here that the bending of
light leads to a unique phenomenon known
as ‘Gravitational Lensing ’, which is another
spectacular outcome of GTR.
B. Motion of particle in bound orbit -
perihelion shift of planets
We finally consider the motion of a test
particle (ǫ 6= 0) orbiting around the sun in
an elliptical orbit. At perihelion r = rP and
at aphelion r = rA,
dr
dφ
vanishes in Eq.(50)
and we get two values of the constants,
ǫ = h2
r2AγMP − r2PγMA
r2P r
2
A(γMA − γMP )
, (64a)
E = ±h
√
γMAγMP
γMA − γMP
r2A − r2P
r2Ar
2
P
, (64b)
where, γMA = 1 − 2MrA and γMP = 1 − 2MrP ,
respectively. Plucking back these values in
Eq.(54) we obtain,
∆ϕP (r) =
∫ rA
rP
f(r;M, rP , rA)dr (65)
where ∆ϕP = ϕ(rP )−ϕ(rA) is referred as the
perihelion shift of the given planet and f is
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given by,
f(r;M, rP , rA)
=
√
r
r−2M
r2
√
(r−rA)(r−rP )[rrArP−2M{rArP+r(rA+rP )}]
(2M−r)r2r2
A
r2
P
,
(66)
Once again the integral can be done
numerically using following program of
MATHEMATICAR©,
In[5] = αˆP =
365.25
♣ (2 NIntegrate[f, {r, rP, rA}]− π)
180× 60× 60
π
.
Substituting the values of rA, rP and ♣ (Pe-
riod in days) into above programme, we ob-
tain the value of perihelion shift of all plan-
ets per century including Mercury. In Table-
I, we have compared the perihelion shift of
different planets with corresponding observa-
tional values:
Table: Perihelion shift of planets (in arc-sec per century)
Planet rP (in km) rA (in km) Period in days (♣) αˆth αˆobs [14]
Mercury 4,60,01,200 6,98,16,900 87.97 42.9334 42.9
Venus 10,74,76,359 10,89,42,109 224.70 8.6233 8.6
Earth 14,70,98,074 15,20,97,701 365.35 3.8364 3.8
Mars 20,66,69,000 24,92,09,300 686.97 1.3438 1.3
Jupiter 74,05,73,600 81,65,20,800 4331.57 .0622 .06
Saturn 135,35,72,956 151,33,25,783 10,759.22 .0136 .014
Uranus 274,89,38,461 300,44,19,704 30,799.10 .0024 .002
Neptune 445,29,40,833 455,39,46,490 60,190.00 .0007 .0007
We note that the observational value of the perihelion shift of all planets coincides with
16
the theoretical results predicted by GTR.
This striking success of GTR has established
it as a complete theoretical model of gravita-
tion.
VII. CONCLUSION AND OUTLOOK
This paper gives a cursory overview of
General Theory of Relativity perceivable to
the UG students. We presuppose that,
the UG students have a rudimentary knowl-
edge of Reimaniann geometry from their
regular course and familiar with the tenets
of basic MATHEMATICAR© code to under-
take this study as a unsupervised (or as
a project with minimal supervision) review
project. A set of easy-to-do command-
line MATHEMATICAR© code is developed
to solve the cumbersome tensorial quantities
and to solve the orbit equations numerically.
We have explicitly calculated the magnitude
of the bending of light and perihelion shift of
all planets including Mercury which are pre-
cisely in agreement with observational result.
Apart from the UG students, our code of ob-
taining the orbit equation in arbitrary space-
time may be helpful for the graduate fresh-
men who often need to deal with wide class
of metric with several nontrivial attributes.
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